Introduction
Employment of continuous welded rails (CWR) contributes to not only the countermeasures of track degradation such as track subsidence, track irregularity and failure of supporting structures caused by repeated dynamic and impact loads from passing high-speed trains, but also improvement of passenger comfort and reduction of vibration and noise. Regarding the CWR track, elastic displacement of rails is restrained except for the both ends of the CWR. Therefore, thermal stress of the rails inevitably occurs in the longitudinal direction according to variations in temperature. For example, excessive compressive stress by the intense heat in the summer season often causes compression buckling (overhang) of rails, and the excessive tensile stress by the bitter cold weather in the winter sometimes induces breakage of rails. In spite of many advantages, CWR has such serious issues that the track may suffer buckling and yielding due to thermal stress. Therefore, it is very important to monitor axial loads of rails in the context of railway maintenance. As a matter of course, laying rails within the defined temperature range beforehand and, furthermore, management of axial loads of rails over a long period would be required. However, unfortunately, there is no convenient and effective measuring method for practical use. As for the maintenance of railway tracks currently done, magnitude of the axial force is presumed indirectly based on the total amount of displacement of the rails, which is measured using piles, installed at predetermined intervals, as a point of reference. In this method, reliability of the measurement results cannot be ensured and the amounts of the local axial force cannot be evaluated, either. Therefore, development of simple nondestructive measuring methods of absolute axial stress of the CWR based on a physical theory is desirable.
Recently, lower economic growth combined with reduced working hours, labor shortages and limited interval time for track maintenance have together created the need to introduce new maintenance-saving tracks. In response to these trends, since effective management of the axial load results in reduction of maintenance costs and enhancement of safety, some such measuring methods have been proposed over the past few decades [1, 2] . However many of those methods cannot measure absolute stress at any position.
In accordance with the increase or decrease in axial force of the rail, the vibration characteristics of the natural modes of the rail will change. As the tensile stress increases, the natural frequency of the rail also rises. On the other hand, as the compressive stress increases, the natural frequency of the rail decreases. The rail has a complicated shape, a relatively large cross-sectional area, weight corresponding to its volume and high rigidity. Therefore, the natural frequency characteristics of the rail are affected by temprature variation, bending, twisting, shearing and the eccentricity of the central axis. In addition, the rails are fastened to sleepers at regular intervals; their discrete fastening also affects the natural frequency characteristics.
Although the vibration method, which can measure the absolute axial load, was researched in Europe and America in the 1980's, work remained at the investigation stage. One of the main causes of this is the unsuitability of the employed mathematical model, which cannot capture the dynamic behavior of a periodic track. However, in recent years, according to numerical research of a finite-length model and experimental studies at a laboratory and a test track, the potential and usefulness of the vibration method have been confirmed [3, 4] .
Since the vibration method does not need the initial condition, it enables us to measure axial loads at anytime, anywhere. Consequently, this method will contribute to saving of maintenance cost and improvement of safety. In this study, the feasibility of this method is discussed based on numerical models. The railway track models are composed of infinite rails under an axial load with equidistantly distributed supports. To represent the dynamic behavior of the infinite track, the periodicity in the structure is taken into account.
This periodicity can be expressed by describing an equation of motion of an irreducible sub-structure called a unit cell. By virtue of the Floquet's theorem [5] the equation of the unit cell leads to an eigenvalue problem with respect to the frequency [6] . The Eigen modes exhibit the dispersion surfaces of propagating wave modes in the axial load-wavenumber-frequency space. The dynamic reaction due to harmonic or impulse loading is dominated by standing wave modes. The authors can thus obtain the relation between the frequency and the axial load by extracting such modes from the dispersion surfaces. That is, consideration of periodicity will help establish a new method in which the axial load is measured by way of the predominant frequencies.
The feasibility of the proposed method is validated through response analyses of a harmonic load. As mentioned above, a railway track can be modeled by a periodic structure. This feature will make it possible to reveal the theoretical relation between the resonant frequency and the axial stress. However, in general, a track has some imperfection such as randomness in the sleeper spacing. This perturbation may affect the dynamic response. Therefore, the influence of the diversity of the sleeper spacing on the vibration resonance is stochastically investigated. Then enhancement of the reliability of the proposed method will be discussed. Furthermore, a full-scale field experiment for measurement in a straight section in the existing CWR track confirmed the linearity between the axial stress and the resonant frequency.
Theory and dispersion analysis

Motion equation and modeling
To represent the dynamic behavior of an infinite track, the periodicity of the structure is taken into account. A railway track can be represented as a periodic structure characterized by sleeper spacing L. Figure 1 shows an irreducible minimum substructure, called a unit cell, which is supported by sleepers with sleeper spacing of L on a periodic infinite railway track.
The dominant equation of motion of this infinite railway system is expressed by 
where x is the longitudinal coordinate, y is the lateral coordinate and z is the vertical coordinate respectively. The directions of each coordinate are illustrated in the figure. I and A are the moment of inertia and the cross-sectional area of the rail, respectively. E and G are Young's modulus and the shear modulus respectively. r is the density of the beam material, K is the Timoshenko shear factor. J is the St. Venant torsional constant for the section respectively. N is axial force. u x is displacement of the x-axis; u y and u z are the deflections of the direction of y and z respectively. y y and y z are the rotational angles of the section; q x is the angle of twist in radians. z 0 and y 0 are the distance to the center of the twist from the cross-sectional center of gravity (y 0 =0 in this problem) and w is angular frequency (w= 2pf) [7, 8] . This expression is shown with respect to the rail, and almost the same as the formula applies to the sleepers except that the orientation of its axis differs from that of the rail by 90 degrees. However, in case of the sleepers, N is fixed at 0. Regarding the details of the derivation of the dominant equations of motion process and the parameters, refer to the literatures [7] and [8] . The finite element discretization was carried out [9] . The deflection u and the rotation y on an element are approximated using a cubic Hermite's interpolating polynomial and the Lagrange interpolating polynomial of the second order respectively, namely, using the TIM7 element. The displacement u x and the rotation q x on an element are approximated using the first order interpolation function. Finally, the equation of motion of a unit cell can be represented by [C] is a matrix concerning the axial stress.
According to the Floquet's principle [10] , the steadystate response solution of infinite periodic structures has periodicity of the second kind, namely, "the phase of the stationary solution shifts at regular intervals at both ends of the one unit cell of the periodic structure." It will be expressed as the following equation. By virtue of the Floquet's principle, a steady state solution satisfies the following relation. (2) and (3) lead to an eigenvalue problem as
where (') denotes that the matrices and displacement vector have been degenerated due to the relation of (3) . Notice that components of the Hermitian matrices
] are given by functions of the Floquet wavenumber k . Therefore, the eigenvalue problem of (3) yields a relation of k, w and N.
Dispersion analysis for infinity railway track
In the analysis JIS-50kgN-type rails are considered with sleeper spacing of L=0.6m. The type of sleeper investigated is a Number #3 type mono block pre-stressed concrete sleeper, which is widely used and generally laid on commercial lines in Japan as a standard sleeper. Other analytical conditions are summarized in Tables 1, 2 and 3. Rails were discretized into 10-elements and sleepers were split evenly into 16 elements for each single cell. The dispersion surface, that is, the relationship between the frequency f (= w/2p), Floquet wavenumber k and the axial force N is given as a curved surface in three-dimensional space. Therefore, with varying the axial force N (positive axial force stands for compression) from 0 to 6 MN and the nondimensionalized Floquet's wavenumber kL from 0 to p, Distance between centroid and rail foot (m) 0.071
′
Distance between centroid and shear center (m) -0.028 the eigenvalue problem of (4) will be solved for the circular frequency w . Here, the values of the spring parameters were referenced from [10] in the bibliography. Figure 2 represents the dispersion curves, which shows κ the relation between the nondimensionalized Floquet wavenumber k L and the frequency f (Hz) for N=0, 2, 4, 6 (MN). Although, in general, the maximal rail load will be at most 1MN, to emphasize the effect of the axial load, the results of larger N are shown. In the figure the horizontal lines correspond to vibration modes of the sleeper. From the figure we can see that these modes are independent of both the wavenumber and the axial load.
In the figure, the wave modes (A, B, C, D and E) at kL=p (rad) are given by standing waves which are locating at the boundary between the pass and stop bands [11, 12] and sensitive to N. Since the standing wave modes can be easily excited by some loading patterns, it is expected that they contribute to the measurement of the axial stress. Figure 3 shows the feature of the deflection at the time of peak magnitude regarding each natural vibration frequency mode of standing waves. In the figure, curved lines, rectangle blocks and dotted lines represent rails, sleepers and their neutral positions, respectively. A, B, and C show the horizontal vibration modes viewed from above, and D and E show the vertical vibration modes viewed from the side. Their wave lengths are 2L. The vibration nodes of A, C and D are located at the sleepers, and those of B and E are located at the mid-span. Among them, the vibration mode D is the well-known vibration mode corresponding to the standing wave of the rail, which is called pinnedpinned resonance. Although A and C seem to be the same mode, the former is characterized by the railhead with significant torsional deflection in the horizontal direction, while the latter is characterized by the rail foot with significant torsional deflection in the horizontal direction.
Suitable modes for the axial load measurement
In addition, for every vibration mode, near 0 MN axial force, there was a clear linear relationship between the axial force and the natural frequency. The values in the figure refer to the sensitivity of the natural frequency to the changes in axial stress near N=0. The sensitivities of the natural frequencies to the axial stress at N=0 for all wave modes A to E are 10 Hz/MN, 13 Hz/MN, 5 Hz/MN, 7 Hz/MN and 6 Hz/MN, respectively. The parameters such as the rail pad stiffness and the ballast stiffness have some randomness. From these figures, it is found that modes A, C and D are almost independent of the sleeper or fastener. Notice that these three modes have no horizontal or vertical displacement at the rail. On the other hand, the other modes B and E are accompanied by motion of the sleeper, therefore, their vibration motion directly, depends on factors such as sleeper motion, and ballast stiffness. Since these effects are not negligible, it is inferred that the wave modes B and E would not be appropriate for the measurement of the rail axial force. For modes A, C and D, the sensitivities of the natural frequencies to the axial stress at N=0 are 10Hz/MN, 5Hz/MN and 7 Hz/MN respectively. Therefore, it can be concluded that the horizontal wave mode A and the vertical wave mode D would be the most suitable for the axial load measurement.
Influence of randomness in sleeper spacing on resonant frequency
Distribution function for randomness in sleeper spacing
In the previous section, the authors numerically evaluated the relationship between the rail axial load and resonant frequencies based on a homogeneous periodic track model. However, in general, a track has various uncertainties which interface with homogeneous periodicity in the sleeper spacing. Below therefore the influence of the stochasticity in the sleeper spacing on the vibration resonance will be discussed. To achieve this, a one-dimensional track model would be employed under the consideration of the random sleeper spacing.
As shown in Fig.4 , an existing track has ununiformity in the sleeper spacing. In this chapter, instead of the sleeper spacing L, lack of uniformity in the sleeper spacing is evaluated by a parameter e , which is the deviation in the sleeper position fixed by the fastening device from the periodic track. The arbitrary sleeper spacing L i will be expressed as follows:
Here, L 0 is the average value of the sleeper spacing and e i , e i+1 are, respectively, the deviations in the adjacent sleeper positions from the periodic track. This paper assumes that e i is given by a random variable characterized by a Gaussian distribution with the expected value E(e )=0 and the variance (of the deviation e in the sleeper position from the periodic track) s 2 e . From the relation of (5), the variance s 2 e of the sleeper position will be a half value of the variance s 2 of the sleeper spacing.
Fig. 4 Randomness in one sleeper spacing
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Relation between sleeper position and resonant frequency
After attributing an arbitrary amount of deviation e to the center support point in the homogeneous periodic track model having a finite length, and by applying a harmonic excitation force Fe iw t to that point, the response motions at the excitation point will be numerically calculated. The length of the model was 216 m, resulting in the model consisting 360 pieces of unit cell. The deviation of the natural frequencies between this finite-length model and the infinite-length model will be only 0.015 Hz. Therefore, the analytical results using this model will be almost the same as those using the infinite length model. The other analytical conditions were set the same as the above-mentioned analysis. Figure 5 presents exemplary results of a response at the excitation point to the vertical excitation: regarding both the response in the homogeneous periodic track model and the response when the support point was shifted by 0.03 m. The figure shows that the response in the homogeneous periodic track model has a sharp peak at the natural frequency. On the other hand, when a shift was given to the support point, the amplitude at the resonance frequency is smaller than 1/10 of that in the homogeneous periodic track model. Moreover, the shape of the peak becomes gentle and the natural frequency is reduced by about 0.8 Hz.
Fig. 5 Response at the excitation point (Wave mode D)
Here, the deviation from the resonant frequency of the periodic track is expressed by b (Hz). Because b varies according to the value of e, b is a function of the deviation e. Figure 6 shows the relation between the deviation in the position of a sleeper from the periodicity and the deviation from the predominant resonant frequency of the rail regarding the vibration mode D.
Since the objective of this section is to reveal the influence of the randomness in the sleeper spacing on the dynamic response, for the sake of simplicity, only the horizontal displacement is considered under a one-dimensional beam model subjected to no axial load. In the figure the difference in resonant frequency, b (Hz), is shown as a function of the deviation e n at the nth (n=10, 20, 40) sleeper location. Here the first sleeper is assigned to the right end of the loading span. The sleepers are numbered from the first one rightwards. The figure shows that b is governed by the second-order terms of e i 's. Through numerical ex- periments, it was found that the response tends to possess two resonant frequencies for larger es. One decreases with increase of e, the other stays around b=0 for any e. The latter resonance becomes predominant at a larger e. The discontinuity of the e-b curves is caused by this reversal. The further the distance from a sleeper, the smaller the deviation e which gives discontinuity.
Approximate expression for randomness in sleeper spacing
Suppose the condition that each support point has a deviation, let us consider a correction method using the average value thereof. As shown in Fig. 4 described above, for each number of support points n, shift e i (i=1,…, n) is present. In this case, using a quadratic form of e , that is, deviation of the sleepers supporting points, the deviation of the natural frequency at the excitation point b can be approximated by a generalized form as follows.
, where two random variables e i and e j are independent of each other and each probability density function is given by f e (e ). A ij is a constant. In addition, n is the total number of support points, which corresponds to the number of units used in the analysis. In this case, the expected value of E [b] of b is expressed by the following equation.
Let us assume that e is given by a random variable characterized by a Gaussian distribution with mean value of E[e ] =0. The smaller the standard deviation s (e ) is, the lower the probability of a large e becomes. Therefore, A ij (e ) can be approximately replaced by a constant coefficient irrespective of the value of e for a small s 2 e . After all, (7) is expressed as follows. That is, the expected value of the deviation of natural frequency E[b ] is considered to be proportional to the variance s 2 e of the deviation of the sleepers supporting points. Figure 7 depicts the relation between E(b ) and s 2 (e ), where the expectation of b is evaluated by 1000 random tracks generated for each s 2 (e ) < 0.0002. In practice, this range will cover almost every track in Japan. The loss of proportionality is caused by the occurrence of the discontinuity of b(e) for a large e.
Evaluation of stochasticity
From (4) and (5) we obtain the following relation,
E(f(e )) can be estimated by measuring the resonant frequency of sampling spans around the site. s (e ) can also be evaluated by way of a set of statistical measurements.
SA ii is obtained through numerical experiments as shown in Fig.7 . These data will enable us to correct the influence of the stochasticity in the sleeper spacing by using (9) . Through further analyses, it has also been found that the influence of the axial load on the statistical features is negligible.
Field experiment by impulse hammer excitation
Experimental overview
A full-scale field experiment by impulse hammer excitation was conducted on a CWR section on an conventional railway track in order to gain experimental insight into the relationship between the axial stress and the resonant frequency. The measurement point is located in the center of the straight section without joints of over 100 m with a 50-kg/m type CWR track, lying on concrete mono-block sleepers of a direct fastened track. Figure 8 depicts the measurement position and the installation conditions of the equipment for measurement. With respect to the variation of the temperature stress from sunshine, the change of the natural frequency of the rail was measured to within 0.1 Hz of accuracy by impulse hammer tests of the rail every 30 minutes or one hour. In the experiments, the following values were measured simultaneously: the excitation waveform of the impulse hammer, three axial vibrational accelerations of the rail by acceleration sensors which are attached to the top surface and side surface of the rail, rail axial force by strain gauges which were attached to both sides of the rail, and the surface temperature of the rail by a contactless thermometer. 
Experimental results
Figure 9 presents one day variations in both rail temperature and rail axial force measured by the strain gauges. In the figure, with respect to the axial force of the rail, a positive value shows an increase in the compression direction after the start of measurement, and reduction is conversely displayed with a negative value. As the figure shows, the variation in the axial force of the rail occurred under the influence of the sunshine of the daytime. According to the measurement results, the change in rail temperature was 11.3 degrees, and a variation of 177 kN of the rail axial force was measured. Figure 10 shows the amplitude spectra of the inertance (response acceleration / excitation force) measured by the impulse excitation experiment in the horizontal and vertical directions. We focus on the natural vibration frequency and its peak value. First, in case of the horizontal excitation (See Fig.10 (a) ), the horizontal response wave has a peak value at approximately 340 Hz and this vibration mode is characterized by the railhead displacement. From the features of this modification, this vibration mode corresponds to the horizontal vibration mode A. Next, in case of the vertical excitation (See Fig.10(b) ), the measured results show a peak of the resonance frequency at about 730 Hz in the vertical vibration, and its wave length is 2L. This vibration mode is found to be the vibration mode D, that is, a so-called "pinned-pinned resonance mode". These wave modes are given by standing waves, which are sensitive to the rail axial force. Since the standing wave modes can be easily excited by some loading patterns, it is expected that they contribute to the measurement of the axial stress. The nodes of deflection for these modes are locating at the sleeper support in the horizontal direction and in the vertical direction, respectively. The former is characterized by the aforementioned horizontal vibration mode of A-type; the latter corresponds to a vertical vibration mode of D-type.
Comparing the shape of the peak of both figures, since the horizontal vibration mode gives a keenly sharpened peak form than the vertical vibration mode, the natural frequency could be specified more correctly when using the horizontal vibration mode. Therefore, it turned out that employment of the horizontal mode of vibration is advantageous to measurement of the rail axial force. Figure 11 portrays the relationship between the variation in the rail axial force and the variation in the natural frequency. In these figures, the dots represent the measured values and the straight lines indicate approximate expressions that are obtained by the measured values. In this experiment, to the variation of 177 kN in the rail axial force, the variation in the natural frequency of 6.56 Hz was observed regarding the horizontal vibration mode, and the variation of 3.66 Hz was observed regarding the vertical vibration mode. The variation range of the natural frequency in the vertical direction is 1.8 times larger than that in the horizontal direction. The variation range of the natural frequency is approximately proportional to the magnitude of the natural frequency. Moreover, from the figure, in both the vertical and horizontal directions, a clear linearity was observed between the variation in the natural frequency and variation in the rail axial force. Both cases indicate a very high correlation whose coefficient is over 0.97. Since the correlation coefficient in the horizontal vibration mode is larger than that in the vertical vibration mode, the horizontal vibration mode is considered to be more advantageous for measurement.
Conclusions
In this paper, the feasibility of a measuring method for the rail axial stress was investigated by means of theoretical derivation, numerical analyses and in-situ field measurements on an existing CWR track, and the feasibility and validity of the proposed theory were experimentally verified.
The relationship between axial load-wavenumberfrequency was obtained through dispersion analysis for wave modes propagating in a track. It is concluded that the standing wave mode dominated by horizontal deflection accompanied by torsion (the vibration mode A) is most suitable for identifying axial loads. Since this mode has nodes at the sleeper supports, it is almost independent of such parameters as stiffness of the fastener. Besides, rather high sensitivity of the resonant frequency to the rail axial load reinforces this potentiality.
The influence of the disturbance in the periodicity on the resonant frequency was also examined. Although the existence of irregularities is not negligible in relation to the resonant frequency, their statistical behavior is predictable. Therefore, the effect of the disturbance can be removed by utilizing this relation. Proof of this theory will be required in future, by validation through experimentation. In-situ field experiments using an impulse hammer were conducted in a CWR section on the existing railway track. The experimental results confirmed that clear linearity exists between the axial stress and the resonant frequency. The horizontal vibration mode A was considered to be as the most suitable for carrying out the required measurements.
